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An aircraft’s performance and maneuvering capabilities in steady flight conditions are usually analyzed

considering the steady states of the rigid-body equations of motion. A systematic way of computation of the set of all

attainable steady states for a general class of helical trajectories is presented. The proposed reconstruction of

attainable equilibrium states and their local stability maps provides a comprehensive and consistent representation

of the aircraft flight and maneuvering envelopes. The numerical procedure is outlined and computational examples

of attainable equilibrium sets in the form of two-dimensional cross sections of steady-state maneuver parameters are

presented for three different aircraft models.

Nomenclature

A, B = state and control matrices of the linearized system
g = kinematical constraints vector function
f = right-hand sides of aircraft rigid-body equations
fx = Jacobian matrix
H,M = altitude and Mach number
hp = angular momentum of the engine rotors
p, q, r = body-axis angular rates
R = radius of helical trajectory
T = thrust force
V = flight velocity
x = state vector
y� = maneuver parameter vector
� = angle of attack
� = angle of sideslip
� = flight path angle
�, � = pitch and roll angles
�e, �a, �r = elevator, aileron, and rudder deflections
�T = thrust throttle position
� = control vector
� = total angular velocity
�V = velocity-vector roll rate

Subscripts

" = equilibrium
� = maneuver

I. Introduction

T HE evaluation of aircraft flight performance and maneuvering
capabilities, from conceptual design to the final stage of flight

clearance, is an important task of aircraft development. Flight
performance reflects an aircraft’s ability to perform steady

coordinated maneuvers at different speeds and altitudes (e.g., its
capability of maintaining a straight-and-level flight; a steady, level
turn; climbing or gliding turns; etc.). The maneuverability
characterizes an aircraft’s ability to alter its steady flight trajectory
via rotation with respect to the flight velocity vector. The level of
maneuverability is directly linkedwith attainable values for the angle
of attack or the normal load factor and the angular rate in the velocity-
vector roll maneuver.

The steady performance and maneuvering capabilities are usually
evaluated by solving the steady-state problem for the rigid-body
equations of motion, which depend on the aircraft propulsion,
aerodynamic, mass, and inertia characteristics [1–3]. The state and
control parameters are interchangeable for the purpose of finding
solutions to the steady-state problem. For example, the steady states
can be determined for any particular combination of control inputs
without setting any requirements for maneuver parameters.
Alternatively, some steady-state and control variables can be chosen
as independent, and the remaining variables can be determined
according to the imposed kinematical constraints [2,4–6].

The continuation and bifurcation analysismethodsfirst introduced
in flight dynamics in the late seventies [7–10] have evolved into a
powerful tool for aircraft trim and stability analysis [11]. Within this
computational framework, the equilibrium states are computed in the
extended space of state variables and one selected control parameter,
whereas all other control effectors are kept constant. The steady
states are represented as a one-parameter continuation diagram or as
a two-dimensional equilibrium surface. At some ranges of control
parameters, “folded” dependencies may appear in the steady-state
diagrams and surfaces, which indicate potential nonlocal departures
in motion variables at limit points of the folds. Other types of
bifurcations or changes in steady-state local stability are also
identified during the continuation procedure, thus allowing effective
prediction of aircraft instability and loss of control. A number of
important flight dynamics phenomena such as departures at high-
incidence flight, onset of wing-rock motion, spin dynamics, and roll-
coupled maneuvers have been successfully investigated using the
continuation method [7–10,12–19].

Imposing additional maneuver-specific kinematical constraints,
as was demonstrated in [4,5,20], allowed the continuation of steady
states representing a specified maneuver. In this constrained
problem, several control surfaces are deflected simultaneously so
that this method can be used for designing aircraft steady-state
maneuvers. The one-parameter continuation method, however, may
be difficult and computationally intensive in reconstruction of all
attainable steady states and the maneuver flight envelope, due to the
nonuniqueness of solutions in the extended state and control
parameter space.

The goal of this paper is to present a method for the reconstruction
of an aircraft flight envelope considering a general class of steady
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maneuvers via computation of the set of all attainable steady states.
The results are represented in the state and maneuver parameters
space, whereas the associated control parameters are stored in a
special data structure for processing and analysis at a later stage.
Steady states are computed for the equations ofmotion augmented by
a number of auxiliary equations specifying maneuver kinematics.
The set of all attainable equilibrium states is computed on a grid of
state and maneuver parameter points and visualized in the form of
two-dimensional cross sections. The local stability maps, reflecting
the structure of the eigenvalues of the linearized equations ofmotion,
complement this representation.

The next section of this paper discusses equations of spatial
motion and kinematics of steady-state solutions. The proposed
computational method is presented in Sec. III. Section IV contains a
number of examples of two-dimensional attainable equilibrium sets
and local stability maps for the open-loop mathematical models for
the F-18 HARV, F-16, and F-14 aircraft, based on data from [21–
24].§ Section V summarizes the main results and presents our
conclusions.

II. Equations of Motion

The rigid aircraft equations of motion can be presented in the form
of a set of nonlinear, autonomous, ordinary differential equations
describing rotational/translational accelerations and rotational
kinematics using Euler angles. These equations have the following
form [10]:
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where Ix, Iy, Iz, and Ixz are the moments of inertia; �q� �V2=2 is the
dynamic pressure;V is the airspeed; � is the air density; S is the wing

reference area; b is the wing span; �c is the mean aerodynamic chord
of the wing; g is the gravitational acceleration; and m is the aircraft
mass.

In general, the nondimensional aerodynamic force Cx;y;z and
moment Cl;m;n coefficients depend nonlinearly on angle of attack �
and sideslip angle�; angular velocity-vector componentsp,q, and r;
elevator, aileron, and rudder deflections �e, �a, and �r; and Mach
number M. The static thrust Tdepends nonlinearly on altitude H,
Mach numberM, and throttle position �T .

The aerodynamic coefficients and the thrust force are usually
defined as tabular functions of the motion parameters and control
inputs. The lookup data tables used for interpolating the aerodynamic
coefficients are obtained from static, forced oscillations and rotary-
balance wind-tunnel tests. The tabulated data are interpolated using
linear or cubic spline function approximations, depending on
requirements for smoothness of the aerodynamic coefficient
functions.

The first six equations (1–6) can be expressed in the general class
of helical trajectories with rotation around a vertical axis [1]. In this
motion, the aerodynamic pressure distribution, the integrated forces
andmoments, and the gravity projections are all constant with time in
the rigid-body frame of reference. The steady-state conditions are
characterized by the state vector, composed of motion variables in
the selected reference frames, and the control vector, composed of
aerodynamic surface deflections and throttle position. This
description of a steady-state motion may be expanded by a number
of parameters, characterizing maneuver kinematics. These
parameters include the flight path angle

sin�� cos� cos� sin�� sin� sin�cos�� sin� cos�cos�cos�

(8)

the steady turning rate �, or the radius R of the helical trajectory,
which are related as�� �V cos ��=R (see Fig. 1a). The kinematical
triad V, �, and � (or V, �, and R) completely specifies the helical

Fig. 1 Steady-state maneuvers used for aircraft performance and

maneuverability evaluation: a) kinematics of steady-state helical motion

and b) velocity-vector roll maneuver.

§Data available online at http://www.nasa.gov/centers/dryden/history/
pastprojects/HARV/Work/NASA2/nasa2.html [retrieved 9 Dec. 2007].
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trajectory [16]. The yaw angle in steady helical motion varies with

time and its time derivative defines the steady turning rate _ ��,
which can be expressed [Eq. (7)] along with the radius of steady
helical trajectory R through the state variables as follows:

�� �q sin�� r cos�� sec � (9)

R� V cos � cos �

q sin�� r cos� (10)

The steady helical motion may be a straight-and-level flight with
�� 0 and � � 0 or a level turn with � � 0 and � ≠ 0. Note that
aircraft steady-spinmotion is also a helical solution of systems (1–6).
It is characterized by a high angle of attack, very small trajectory
radius comparable with the wing span (R=b� 1), and near-vertical
flight path angle � ��	=2.

The first eight equations (1–6) can be expressed in the general
form of a nonlinear first-order vector differential equation:

_x� f�x; ��; x 2 X � R8; � 2 U � R4 (11)

where the aircraft state vector x� �p; q; r; �; �; V; �; ��T is
composed of the angular velocity components in the body-fixed
reference frame �p; q; r�, the linear velocity components in thewind-
body reference frame ��; �; V�, and the two Euler angles ��; ��. The
aircraft state vector x belongs to the bounded region X, specified by
the validity of the aerodynamicmodel and the imposed constraints on
the aerodynamic loads. The control vector �� ��e; �a; �r; �T�T is
composed of control surface deflections ��e; �a; �r� and throttle
position �T . It belongs to the bounded regionU, which is specified by
control deflection limits �imin � �i � �imax, where i� e; a; r; T.

The attainable turning rate in steady helical motion is normally
much lower than the maximum roll rate attainable in intensive
maneuvering [25]. For example, during intensive rotation in roll,
shown in Fig. 1b, the state variables of Eq. (11) can be approximated
by a sum of pseudosteady mean values and superimposed small-
amplitude oscillations produced by harmonic gravity projections in
the body-fixed axes. The pseudosteady components can be analyzed
as steady states of the reduced fifth-order system for the first five state
variables x� �p; q; r; �; ��T and the reduced control vector ��
��e; �a; �r�T [26]. The flight velocity is assumed constant and the
gravitational force is neglected. The steady states of this fifth-order
dynamic system are analyzed in Sec. IV for evaluation of attainable
values for the angle of attack, sideslip, and velocity-vector roll rate
�V � p cos� cos�� q cos� sin�� r sin� cos� (the projection
of the total angular velocity vector� on the velocity vectorV). Note
that the steady-state solution of the reduced fifth-order system also
corresponds to a helical trajectory, but with an axis arbitrarily
oriented in space.

The investigation of the steady states of system (11) and the
reduced fifth-order subsystem constitutes a fundamental problem in
flight dynamics. The steady states are important for determining
sustainable performance and maneuvering capabilities: they can be
used as initial conditions for flight simulation and for linearization of
the aircraft nonlinear dynamics. Because the steady states are
characterized by zero rate of change of the linear and angular velocity
components in the selected reference frames, the steady-state
problem is formulated by setting all time derivatives in the equations
of motion equal to zero and solving the resulting set of nonlinear
algebraic equations:

f �x"; �"� � 0; x" 2 X � Rn; �" 2 U � Rm (12)

where x" and �" are the steady-state vector and trim control vector,
respectively.

For small state and control vector perturbations,�x� x � x" and
��� � � �", the equations of motion (11) can be approximated by
the linear time-invariant system

�_x�A�x�B�� (13)

where

A � fx�x"; �"�; B� f��x"; �"�

are the state and control matrices, respectively. A steady state x" is
locally stable if the real parts of all the eigenvalues of theAmatrix are
negative. If the real part of any eigenvalue of theAmatrix is positive,
the steady state is locally unstable. The system is attracted to a stable
steady state in its neighborhood and repelled if the steady state is
unstable. The eigenvectors of the A matrix characterize subspaces
for different modes of disturbed motion. The linearized response to
control input�� is characterized by the controlBmatrix. TheA and
B matrices calculated on a grid of points for different flight regimes
and steady maneuvers provide a linear parameter-varying
approximation for the original nonlinear system (11), which is
equally important for the open-loop dynamics analysis and for
control law design.

Variation of flight regime and/or maneuver parameters can lead to
various bifurcational changes in the dynamics of system (11). Local
bifurcations can be identified via changes in the eigenvalues of the
linearized system (13).More information on dynamic systems theory
and qualitative and bifurcation analyses can be found in [27].

III. Computation of Attainable Equilibrium Sets

A systematic reconstruction of all the attainable equilibrium states
is described in this section as a method for evaluation of aircraft
performance and maneuvering flight envelopes. The computational
problem for steady states is formulated for equations of motions,
augmented by auxiliary equations specifying maneuver kinematics
and maneuver parameters. The solutions of this constrained trim
problem are presented in the form of attainable equilibrium sets
computed on a grid of points in the plane of two selected parameters
characterizing the flight regime and steady maneuver. All steady
states are classified according to the eigenvalue spectrum of the
linearized system (13). This classification generates local stability
maps, giving a qualitative insight into the aircraft nonlinear
dynamics. For every steady state in the A and B matrices of the
linearized system (13), the eigenvalues and eigenvectors of the
Jacobian matrix A are stored in a special data structure, along with
the trim control parameters, so that they can be easily retrieved for
later detailed analysis.

Deflection constraints on aircraft control inputs limit the available
control power so that the set of equilibrium states for the system
described by Eq. (11) is bounded. The set of attainable equilibrium
states S" incorporates all possible trim states generated by the
available bounded control � 2 U in the allowable region of state
variables x 2 X and is defined as

S" � fx": f�x"; �"� � 0; x" 2 X � Rn; �" 2 U � Rmg (14)

The attainable equilibrium states in Eq. (14) belong to a wide class of
aircraft steady helical trajectorieswith a vertical axis of rotationwhen
n� 8 and with an arbitrary oriented axis when n� 5. Some
additional kinematical constraints are required to specify a particular
steady maneuver for performance or maneuverability evaluation.

A. Constrained Trim Formulation

Every steady maneuver from the complete set of equilibrium
solutions (14) may be additionally characterized by a vector of
kinematical parameters, y� 2 Rk [see Eqs. (8–10)], which is
functionally linkedwith the state vector y� � g�x�. To determine the
required trim control vector �" and the equilibrium state vector x" for
a particular maneuver, specified by parameter vector y�, the
following augmented system of trim equations should be solved:

f �x"; �"� � 0; f 2 Rn; x" 2 X � Rn

y� � g�x"�; �" 2 U � Rm; g 2 Rk
(15)

where k-dimensional (k � m) vector function g defines the required
maneuver. When the number of constraints in Eq. (15) equals the
number of control parameters (i.e., k�m), system (15) represents a
set of �n�m� equations with (n�m) unknowns. This means that
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for every particular maneuver specified by vector y�, there exists an
isolated solution of system (15) consisting of steady-state vector x"
and control vector �". When k < m, the solution of augmented trim
system (15) will not be unique and isolated, and the m � k free
control parameters can be used for continuation along the (m� k)-
dimensional manifold of equilibrium solutions.

In the trimming procedure for system (12), the control input �" is
known a priori, whereas in system (15), the trim control vector �" is
defined implicitly by the augmented system of n� k equations. In
Eq. (12), �" is the input vector andx" is to be determined. In Eqs. (15),
maneuver specification y� is the input vector, whereas steady statex"
and trim control �" are to be determined. The equilibrium state vector
x" and corresponding trim control vector �" can be determined on a
grid of points in the maneuver parameter space y�, allowing the
reconstruction of the steadyflight envelopes, inwhich boundaries are
specified by bounded regions X and U.

The vector function g and the parameter vector y� in Eq. (15)
specify themaneuver type and themaneuver kinematical parameters,
respectively. To have a unique isolated solution in Eq. (15), when
n� 8 and m� 4, requires four different constraints. A helical
trajectory with a vertical axis can be described by three kinematical
parameters such asflight velocityV,flight path angle �, and either the
turn radius R or the angular rate� [see Eqs. (8–10)]. One additional
constraint can be imposed on aircraft attitude to complete the trim
problem, such as a prescribed value for the sideslip angle � or for the
roll angle �. So the full vector of constraint functions can be selected
as one of the following combinations: 1) g� �V;R; �; ��T ,
2) g� �V;�; �; ��T , 3) g� �V;R; �; ��T , or 4) g� �V;�; �; ��T .
The steady straight-and-level flight, for example, can be defined by
vector y� � �V�;�� � 0; �� � 0; ���T and the steady, level turn
can be defined by vector y� � �V�; R�; �� � 0; ���T . The functional
representations for �, R, and � are given in Eqs. (8–10). The
velocity, sideslip, and roll angle (V, �, and �) are the components of
the state vector x; hence, the kinematical constraints can be
expressed in a straightforward form: V � V�, �� ��, and �� ��.

For analyzing steady states in the velocity-vector roll maneuver,
system (11) is considered for x� ��; �; p; q; r�T and
�� ��e; �a; �r�T , the reduced state and control vectors, respectively.
To have a unique isolated solution, the constrained trim
formulation (15) should include three kinematical constraints: for
example, g� ��; �;�V�Tor, alternatively, g� �nz; ny;�V�T ,
where nz and ny are the normal and side load factors, respectively.
In the latter case, the constraint vector function will also depend on
control input g�x; ��. The constraint equations for the investigation
of the velocity-vector roll maneuver will have the following form:
�� ��, �� ��, and p cos� cos�� q cos� sin�� r sin� cos��
�V�. The two other projections of angular velocity vector in the
wind-body axes are defined as function of �, �, and�V . Solution of
system (15) in this casewill again be unique and isolated, because the
dimension of control vector �� ��e; �a; �r�T is equal to the number
of constraint equations.

B. Computational Procedure

The constrained trim problem (15) is solved numerically using the
Newton–Raphson method:

����x
k�1
"

�k�1"

�����
����x
k
"

�k"

����� fx f�
gx g�

� ��1���� f�xk"; �k"�
g�xk"; �k"� � y�

���� (16)

where matrices fx, f�, gx, and g� are evaluated numerically. The
convergence process is terminated when all components of the
increment vectors �xk" � xk�1" � xk" and ��k" � �k�1" � �k" become
less than some prescribed accuracy levels�xki =�ximax � ximin� 	 "i
and ��kj=��jmax � �jmin� 	 "j, respectively. The convergence

process is also terminated if the accuracy criteria have not been
met after a preset maximum number of iterations. Note that an
alternative way of solving this problem is described in [2] using a
scalar cost function and a function-minimization algorithm.

For every newmaneuver parameter vector y�, the initial guess for
solution x0

" , �
0
" is taken equal to a successful solution obtained for

the previous value of parameter vector y�. In computation of the
starting solution of system (15), the modules for increments of the
state and control vectors during the iterative process are confined by
some preset values, but the maximum number of iterations is
increased.

Maneuver parameter vector y� is classified as attainable if the
steady-state vector x" and trim control vector �" have successfully
converged to the internal points of the bounded regions X and U,
respectively. If during the Newton–Raphson iterations the state
vector x" is pushed out of the region X or the control vector �" is
saturated on the boundary of the region U, further reduction of the
error norms becomes impossible. In this case, the selected maneuver
parameter y� is classified as unattainable. Note that after successful
convergence, the iterative algorithm (16) automatically provides the
state and control matrices for the linearized system (13).

To represent multidimensional set of all equilibrium states S"
[Eq. (14)], two-dimensional cross sections are computed for different
fixed values of the other flight regime and maneuver parameters.
These cross sections, or attainable equilibrium sets, are computed on
a square grid of points with spacing to allow accurate representation
of external boundaries and boundaries for internal regions of steady
states with different local dynamics. The grid points with attainable
steady-state parameters are displayed using different markers
reflecting their local stability properties, and the remaining grid
points are left unmarked. The marked area on a selected grid
approximates the two-dimensional cross section of the attainable
equilibrium set and provides a local stability map for attainable
equilibria [28]. The steady-state local stability properties are defined
by the eigenvalues of the system A matrix in Eq. (13).

A set of markers, shown in Fig. 2, was selected to visualize the
local stability of steady-state solutions. Stable steady states are
marked by solid circles, whereas for unstable steady states, several
different markers are used to reflect topology of the local dynamics:

1) Saddle points, or aperiodically unstable equilibria with one
positive real eigenvalue, are marked by 
.

2) Unstable focuses, or oscillatory unstable equilibria with
unstable complex conjugate pair of eigenvalues, are marked by ○.

3)Unstable nodes, or equilibriawith twopositive real eigenvalues,
are marked by *.

4) Saddle-focus points, or equilibria with three unstable
eigenvalues (one real and one complex conjugate pair), are marked
by ◇.

5) Saddle-node points, or equilibria with three unstable real
eigenvalues, are marked by ☆.

For each marked grid point, all computed data for a given steady
state are stored in a special data structure for later use and
visualization. The stored data include the state vector x" and
associated trim control vector �", the state and control matrices of the
linearized system (13), and the eigenvalues and the eigenvectors of
the A matrix.

IV. Computational Results

The mathematical models for the F-18 HARV, F-16, and F-14
aircraft (corresponding geometric, mass, inertia, and aerodynamic
data can be found in [21–24]¶) are used here as the case studies for
testing the proposed computational method. The presented analysis
is limited by consideration of the bare-airframe models without
inclusion of the stability and control augmentation system. The
computation of attainable equilibrium sets of the closed-loop system
may be a useful method for postdesign validation of control laws, but
this is beyond the scope of this paper. The example of such closed-
loop system analysis is presented in [29] for the ADMIREmodel of a
rigid small fighter aircraft with a delta–canard configuration with the
nonlinear dynamic inversion control law.

The computation of attainable regions for a class of steady helical
trajectories using the eighth-order system (11) was performed only
for the first aircraft model, whereas the investigation of attainable

¶Data available online at http://www.nasa.gov/centers/dryden/history/
pastprojects/HARV/Work/NASA2/nasa2.html [retrieved 9 Dec. 2007].

332 GOMAN, KHRAMTSOVSKY, AND KOLESNIKOV



equilibrium sets using the reduced fifth-order system (11) was
performed for all three aircraft models.

A. Aircraft A

The source of aerodynamic data, mass, and inertia parameters for
the F-18 HARV aircraft is a simplifiedmodel∗∗ that is nonlinear with
respect to angle of attack and is linear with respect to all other state
variables and control surface deflections. Themodel is valid for small
velocities (M � 0:6) and covers a wide range of angles of attack
(�14 to 90 deg). The reference center-of-gravity position is
xcg � 0:25 �c.

Figures 3a and 3b show the altitude–Mach-numberflight envelope
for a steady, level turn (� � 0) with R� 800 m and �� 0. The
boundary of this flight envelope at high Mach numbers is specified
bymaximum throttle position (�T � �Tmax); the angle of attack at this
boundary is small (�� 10 deg), and the roll angle is very high
(�� 80 deg).

The low-Mach-number boundary corresponds to saturated
deflection of the elevator (�e � �emin); the angle of attack at this
boundary is very high ( �� 50 deg) and the roll angle is moderate
(�� 30 deg). The regions for attainable steadymaneuvers with right
rotation (Fig. 3a) and with left rotation (Fig. 3b) are practically
identical, but the local stabilitymaps are different. The left level turns
(Fig. 3b) are more stable than the right level turns (Fig. 3a), due to the
effect of the engine rotors. The angular momentum of the engine
rotors (hp � 15; 000 kg �m2=s) destabilizes the slow phugoid and
spiral motion modes in maneuvers with right rotation.

The eigenvalues of steady, level turns with left rotation are shown
in Fig. 3c for two different flight regime points. At M� 0:6 and
H � 1:5 km, the eigenvalues (solid circles) are all stable, including
the spiral and phugoid modes. At the left boundary of flight envelope
(M� 0:15 andH� 1:5 km), the eigenvalues (open circles) indicate
slower dynamics in all modes and oscillatory instability of the
phugoid mode.

The attainable set of all steady turns is presented in Fig. 3d for
flight-envelope point H � 5 km and M� 0:4. The attainable
maneuvers are reconstructed in the plane of flight path angle � and
turning angular rate �. The attainable set includes ascending and
descending straight trajectories on a segment �� 0 and
�8 deg<� < 30 deg, level turns on a segment � � 0 and
j�j � 9 deg =s, and climbing (� ≠ 0 and � > 0) and gliding
(� ≠ 0 and � < 0) helical trajectories. Helical trajectories with
negative rotation are relatively more stable than helical trajectories
with opposite rotation, due to the effect of the engine rotors. The right

and left boundaries of the attainable region correspond to the
maximum (�T � �Tmax) and zero throttle (�T � 0) positions,
respectively. Two “sleeves” of the attainable region at negative
path angles indicate attainable “steep-dive”maneuvers,which can be
stable or unstable, depending on the path angle and turning angular
rate.

Four different cross sections of the attainable equilibrium states of
the reduced fifth-order system (11) are presented in Figs. 4a–4d for
flight regime H � 5 km and M� 0:4. The first cross section
(Fig. 4a) shows the attainable region for steady states in the plane of
angle of attack � and sideslip angle � when the velocity-vector roll
rate is kept at a zero value (�V � 0). The rotation vector in this case is
normal to the linear velocity vector and the aircraft follows a
complete loop, with the radius R�mV2=L and angular rate
�� L=mV, where L is the lift force (the side force D is assumed
equal to zero). At nonzero value�V ≠ 0, the loop is transformed into
a helical trajectory. The radius of this helical trajectory will decrease
with increase of �V (see Fig. 1b).

The second cross section (Fig. 4b) shows the attainable region for
angle of attack � and the velocity-vector roll rate�V at zero value of
sideslip angle (�� 0). The last two cross sections (Figs. 4c and 4d)
show the attainable regions for the velocity-vector roll rate �V and
sideslip angle � at two values of angle of attack: �� 10 and 20 deg,
respectively.

Each boundary of attainable steady-state region, presented in
Figs. 4a–4d, is associated with saturation of one of the control
surfaces (i.e., rudder, aileron, or elevator). The trim control inputs at
the boundary clearly indicate the control surface that limits the
expansion of the attainable region. Characterization of local stability
of steady states using different markers (see Fig. 2) provides a basis
for prediction of aircraft dynamics at different combinations of
control inputs. For example, aircraft A is stable at low angles of attack
(� < 270) and moderate values of rotation rate (j�V j � 60 deg =s
and 8 deg<� < 20 deg) (Figs. 4a and 4b). Maneuvers with an
intensive rate of rotation (j�V j> 60 deg =s and 8 deg<� < 20 deg)
become oscillatory unstable, due to the destabilizing effect of
nonlinear inertia coupling terms in Eq. (1).

Note that the accumulated data for trim control values and
eigenvalues of the steady states can be used for dynamics analysis in
a way similar to the continuation and bifurcation analysis methods.
Figures 5a and 5b present trim deflections of the control surfaces and
the locus of eigenvalues stored in a special data structure for the
maneuver specified in Figs. 4b and 4c by the horizontal and vertical
arrows, respectively. The maneuver holds the angle of attack and
sideslip constant (�� 10 deg and �� 0) and the velocity-vector
roll rate �Vvaries from zero to 145 deg =s. The trim control inputs
and the locus of eigenvalues are presented as functions of the
velocity-vector roll rate �V . The transition of the Dutch-roll-mode

Fig. 2 Qualitative classification of the eigenvalues spectrum.

∗∗Data available online at http://www.nasa.gov/centers/dryden/history/
pastprojects/HARV/Work/NASA2/nasa2.html [retrieved 9 Dec. 2007].
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eigenvalues to the right-hand side of the complex plane at �V �
60 deg =s indicates the Hopf bifurcation of the steady state. At
�V � 60 deg =s, the steady states become oscillatory unstable and
dynamics converge to stable limit-cycle oscillations (LCO).
Qualitative analysis of the aircraft dynamics using attainable
equilibrium sets and local stability maps can be effectively
complemented by direct numerical simulation. However, this is out
of the scope of the present paper.

B. Aircraft B

The F-16 aircraft mathematical model used here as a second case
study is based on the wind-tunnel low-speed aerodynamic data from
[21], in which they were used in piloted simulation for investigation
of the maneuvering characteristics and stall/poststall behavior of a
relaxed static-stability airplane. The aerodynamic data cover a wide
range of angles of attack (�20 to 90 deg) and sideslip angles (�30 to
30 deg). Most of the aerodynamic coefficients are interpolated using
the two-dimensional data tables with angle of attack and sideslip as
independent variables. The reduced aerodynamic data set derived
from [21] for the F-16 model and the mass and inertia characteristics
are presented in [2].

Figures 6a–6d show four cross sections of the attainable
equilibrium states, similar to those shown in Figs. 4a–4d for

aircraft A. The same flight regime and graphical layout of computed
cross sections allow consistent comparison of flight-mechanics
parameters for different airframes. For example, at low angles of
attack, aircraft A can be trimmed at higher sideslip angles, but its
maximum attainable roll rate is approximately three times less than
the maximum attainable role rate of aircraft B (Figs. 4a, 4b, 6a, and
6b). The maximum velocity-vector roll rate of aircraft A is limited
due to saturation of the rudder and ailerons (Fig. 4b), whereas for
aircraft B, the limiting factor is saturation of the elevator deflection
(Fig. 6b). These two airframes have also different attainable steady-
state regions in the �V and � cross sections; they are presented in
Figs. 4c, 4d, 6c, and 6d.

Aircraft A is aerodynamically stable at low angles of attack,
whereas aircraft B is unstable in pitch at the same flight conditions at
a reference location of the center of gravity xcg � 0:35 �c. Positive real
eigenvalue
� 0:5 rad=s (Fig. 7b) indicates the level of instability in
pitch. The stability augmentation feedback control law can change
the aircraft closed-loop eigenvalues and ensure stable dynamics. The
control law gains will depend on the open-loop system
eigenstructure, which can vary with a change of maneuver [30]. To
illustrate this, the locus of eigenvalues and associated sequence of
trim control inputs are presented in Figs. 7a and 7b as functions of
velocity-vector roll rate�V (themaneuver is specified by two arrows

Fig. 3 F-18 HARV altitude-Mach number flight envelope for level turn (�� 0) with R� 800 m and �� 0: a) right rotation, b) left rotation,

c) eigenvalues for two steady turns with left rotation, and d) set of attainable steady helices for H � 5 km and M � 0:4.
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in Figs. 6b and 6c). The eigenvalues of an open-loop system during
intensive roll maneuver due to inertia coupling are changed
dramatically. In this example, there are two qualitative changes in the
eigenvalues spectrum. The first one is when the unstable eigenvalue
of the short-period mode moves to the stable semiplane with
potential onset of the pitchfork bifurcation of steady states.
Following this event, the system becomes stable for a small range of
velocity-vector roll rates (Fig. 7a). But transition of the Dutch-roll-
mode eigenvalues to the right-hand side of the semiplane makes the
system unstable again. Note that after the Hopf bifurcation, the
system will be attracted to the stable limit-cycle oscillations. The
amplitude of these oscillations increaseswith the level of equilibrium
instability.

At high angles of attack, the attainable steady-state regions shown
in Fig. 6 are asymmetrical vs sideslip angle, due to asymmetry in the
aerodynamic data. This asymmetry is quite typical for fighter aircraft
configuration, due to onset of asymmetrical vortical flow structures,
which are observed both in wind-tunnel tests and in flight. The cross
section of the attainable equilibrium set presented in Fig. 6b indicates
the existence of two groups of equilibrium states with positive and
negative rotation at very high angles of attack. These equilibria
represent aircraft flat-spin motion at zero sideslip with appropriate
deflection of all control surfaces. The cross sections of the attainable
equilibrium set, additionally computed for different values of

sideslip angle, reveal that these two steady-state “islands” are
continuously connected with the “mainland” of steady states.

C. Aircraft C

The third case study deals with the F-14 aircraft model, which is
based on the wind-tunnel aerodynamic data from [22–24]. These
data were used in piloted simulation for investigation of high-angle-
of-attack maneuver-limiting factors. The aerodynamic model of the
F-14 aircraft is also presented in [14], in which the aircraft nonlinear
dynamics have been investigated using the continuation and
bifurcation analysis methods. The aerodynamic data cover a wide
range of angles of attack (0 to 90 deg) and sideslip angles (�20 to
20 deg), and they correspond to the wings fully swept forward. They
are valid for low speeds (M< 0:6) and describe nonlinear
dependencies of aerodynamic coefficients on angle of attack, sideslip
angle, and elevator deflection.

Examples of the attainable equilibrium sets for aircraft C are
shown in Figs. 8a–8d. They are computed for the same flight regime
with cross sections similar to the two previous cases shown in
Figs. 4a–4d for aircraft A and in Figs. 6a–6d for aircraft B. The
attainable equilibrium regions in all cross sections have well-defined
boundaries, which correspond to saturation of the rudder, ailerons,
and elevator. At low angles of attack (� < 10 deg), the attainable

Fig. 4 F-18 HARV attainable equilibrium sets for the velocity-vector roll maneuver (M � 0:4 and H � 5 km) cross sections at a) �V � 0, b) �� 0,

c) �� 10 deg, and d) �� 20 deg.
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Fig. 5 F-18 steady-statemaneuver specified by a selected sequence of equilibria with constant�� 10 deg and�� 0 (see the arrows in Figs. 4b and 4c):

a) trim deflections of control surfaces as functions of velocity-vector roll rate �V and b) locus of eigenvalues.

Fig. 6 F-16 attainable equilibrium sets for the velocity-vector roll maneuver (M � 0:4 and H� 5 km) cross sections at a) �V � 0, b) �� 0,

c) �� 10 deg, and d) �� 35 deg.
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Fig. 7 F-16 steady-statemaneuver specified by a selected sequence of equilibria with constant�� 10 deg and�� 0 (see the arrows in Figs. 6b and 6c):

a) trim deflections of control surfaces as functions of velocity-vector roll rate �V and b) locus of eigenvalues.

Fig. 8 F-14 attainable equilibrium sets for the velocity-vector roll maneuver (M � 0:4 and H� 5 km) cross sections at a) �V � 0, b) �� 0,

c) �� 10 deg, and d) �� 20 deg.
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range of sideslip angle (j�j< 15 deg) is bigger than in the case of
aircraft B and less than in the case of aircraft A. However, the
attainable range for the roll rate is much less (j�V j< 40 deg =s) than
in the first two cases. There are two detached regions with stable
steady states at low angles of attack (� < 14 deg) and high angles of
attack (� > 21 deg). These two regions are separated by a region
with oscillatory unstable steady states. Note that at high angles of
attack, the maximum attainable roll rate significantly increases, but
the steady states are oscillatory unstable (Fig. 8b). Performing
longitudinal and velocity-vector roll maneuvers, the aircraft can
enter the unstable region of steady states, which will produce a
destabilizing effect on aircraft dynamics. For example, Fig. 9b shows
the locus of eigenvalues for a longitudinal pull-up maneuver,
denoted in Figs. 8a and 8b by vertical arrows, and Fig. 9a shows the
associated control surface deflections. In the angle-of-attack range of
14 deg � � � 21 deg, in which the Dutch roll mode eigenvalues are
relocated to the right-hand-side semiplane, the aircraft will
experience oscillatory instability in the lateral directional motion
(Fig. 9b). There are twoHopf bifurcation points at�� 14 and 21 deg
(Fig. 9a), similar to the results presented in [14], in which they were
obtained using the continuation method. The bifurcation parameters
in our case are slightly different, because the speed is fixed according
to selected flight regime H � 5 km and M � 0:4. The simulation
results showing the buildup of the wing-rock amplitude are shown in
[14]. The Hopf bifurcation will also take place when the aircraft is
performing the velocity-vector roll maneuver, as was shown for
aircraft A (Fig. 4b).

The computational time for one attainable equilibrium set in the
form of a two-dimensional cross section depends on the size of the
grid and also on the number of unattainable points. This is because
each unattainable point will use the maximum number of iterations
before moving to the next point. Attainable points can normally be
converged in a few iterations. An average computation time for
presented examples of attainable equilibrium sets with a grid of
40 
 40 points is about 15 min on a PC with an Intel© Centrino Duo
processor.

V. Conclusions

Consideration of the nonlinear models of the F-18 HARV, F-16,
and F-14 aircraft allows us to conclude the following:

1) The computation of the set of all attainable steady states of the
rigid aircraft equations ofmotionwith imposed constraints assigning
the maneuver type and its parameters provides a feasible and
consistent way of investigating the nonlinear aircraft dynamics,
which allows more efficient evaluation of the aircraft performance
and maneuvering capabilities.

2) A number of representative attainable equilibrium sets
computed on a two-dimensional grid of points in the maneuver
parameter space can reveal a global structure of themultidimensional
set of all steady states, which includes the aircraft maneuver
limitations produced by saturation of control inputs and local
stability properties in the form of stability maps.

3) The proposed method
a) possesses similarities and complementary features when

compared with the bifurcation analysis method based on a one-
parameter continuation of equilibrium states, and it is expected
that the two approaches can be used in a complementary way.

b) can significantly facilitate the mathematical and piloted
simulation methods by determining the critical regions of
operation in which simulation is necessary to verify the model’s
dynamic behavior, and it can be used for comparative analysis of
different airframes.

c) has a high potential for designing control laws (particularly
for high-angle-of-attack flight and intensive roll maneuvers) via
provision of interconnect schedules between different control
surfaces, generation of linearized equations of motion consistent
with performing maneuver, and postdesign evaluation of the
designed control laws.

d) in combination with high-fidelity aircraft models validated in
flight tests, will provide reliable quantitative results for actual
performance and maneuvering capabilities.
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